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Abstract 

We investigate the structure of the dilatation operator D of planar A/" = 4 SYM in 
the sector of single trace operators built out of two chiral combinations of the 6 scalars. 
y I Previous results at low orders in 't Hooft coupling A suggest that D has a form of an SU (2) 
spin chain Hamiltonian with long range multiple spin interactions. Instead of the usual 
perturbative expansion in powers of A, we split D into parts D*-"^ according to the number 
n of independent pairwise interactions between spins at different sites. We determine the 
coefficients of spin-spin interaction terms in D^^^ by imposing the condition of regularity 
of the BMN-type scaling limit. For long spin chains, these coefficients turn out to be 
expressible in terms of hypergeometric functions of A, which have regular expansions at 
both small and large values of A. This suggest that anomalous dimensions of "long" 
operators in the two-scalar sector should generically scale as at large A, i.e. in the 
same way as energies of semiclassical states in dual AdS^ x string theory. 
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1 Introduction 



The Af = 4 supersymmetric SU{N) Yang-Mills theory is the basic example of a 4-d 
conformal theory j2]. It is actually a family of CFT's parametrized by and the 't 
Hooft coupling A = Qym^- To solve a CFT amounts, at least, to being able to compute 
dimensions of local gauge invariant conformal operators as functions of the parameters. 
This problem should simplify in the planar limit of — oo, A fixed. In this limit the 
AdS/CFT duality conjecture [HI suggests that conformal dimensions should be smooth 
functions of A, and have regular expansions at both large and small A. 

Important progress towards this nontrivial goal of understanding how anomalous di- 
mensions depend on A was recently made by concentrating on states with large quantum 
numbers (see, in particular, [10011113131101111111211131111131131111111111111^ 

For some non-BPS states there are new expansion limits (like large J, fixed X = for 
S'^-rotating pointlike ^ and multispin string states) where one can directly compare 
perturbative SYM anomalous dimensions to semiclassical string results. 

One would obviously like to go beyond the restriction to long and/or scalar-only 
operators and compute, e.g., the exact dimension of the Konishi scalar tr ($*$«), or the 
coefficient /(A) of the In S term in the anomalous dimension of the minimal twist operators 
such as tr ($*D'^$j) [313 122] • The main obstacle is our lack of tools for obtaining exact 
all-order results on either gauge theory {J2 CnA") or string theory {J2 J^yj^) 
potentially fruitful idea of how to go beyond the first few orders in SYM perturbation 
theory is to try to determine the exact structure of the dilatation operator D by imposing 
additional conditions (like superconformal symmetry, BMN limit, integrability, etc., as 
in j23 El 123) implied by the expected correspondence with AdS^ x string theory. 
Having found the resulting anomalous dimensions as functions of A, one may then be able 
to see if they admit a regular expansion not only at small but also at large A. 

This is the approach we would like to explore below using as an input the condi- 
tion of regularity of BMN-type scaling limit in the form suggested in [18^ and further 
clarified in 121]. We shall concentrate on the planar SU{2) sector of single trace SYM 
operators built out of chiral combinations X and Z of two the 6 SYM adjoint scalars, i.e. 
tr {X...XZ...ZX...) with canonical dimension L. This sector is closed under renormaliza- 
tion 23 . The eigen-operators of D with Ji Z's and J2 X's (so L = Ji + J2) should be 
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dual to string states with two components of the 50(6) spin On general grounds, 

the SYM dilatation operator computed in the planar limit should be a series in A 



CO \ r 



Let us review what is known already about the structure of D 



2r- 



Restricting D to planar graphs suggests that should be given by local sums over 
sites a = 1,...,L with Z and X interpreted as a spin "up" and spin "down" state of a 
periodic {a + L = a) spin chain |1H ESj for which D is the Hamiltonian, 

L 

D2r = Y.'^2r{a) , Vo = 1 . (1.2) 

a=l 

The one-loop term T>2 turns out to be equivalent to the Hamiltonian of the ferromagnetic 
XXX 1 Heisenberg spin chain fH] . 

V2 = 2Qa,a+l , (1.3) 

Qa,b = 'i-- Pa,b , i-e. Qa,b=^{'i--^a-^b) , (1-4) 

where Pa,b is the permutation operator and (Tq are the Pauli matrices acting on the spin 
state at site a} The two-loop term V4 was found to be 

©4 = 2(-4Q„,,+i + Q,,,+2) , (1.5) 
while the expression for the 3-loop term T>q conjectured in ^| on the basis of integrability 

"^6 = 4(15Qa,a+l — QQa,a+2 ~l~ Qa,a+3) 

+4:{Qa,a+2Qa+l,a+3 — Qa,a+3Qa+l,a+2) , (1-6) 

was shown in |2SI to be uniquely fixed by the superconformal symmetry algebra, con- 
straints coming from the structure of Feynman graphs and the correct BMN limit. ^ Fi- 
nally, there is also a proposal |21] for the 4-loop term based on assuming integrability 
^For a — b one should set Qa,a ~ 0; note that — 1 and is a projector. 

^The same expression was found in a closely related context of SYM matrix model |^. Also, the 3- 
loop anomalous dimension of (a descendant) of the Konishi operator found in |23j from the above form of 
Dq received a remarkable indirect confirmation in a recent computation of anomalous dimension in twist 
2 sector which also contains a descendant of the Konishi operator (N. Beisert and M. Staudacher, 
private communication) . 
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and the BMN scaling. Written in terms of factorized permutations as in ^H] it reads 

"Dg = 10( — 56(5a,a+l + 28(5a,a+2 ~ 8Qa,a+3 + Qa,a+4:) 

{4:21Qa,a+lQa+2,a+3 + a,a+3Q a+l,a+2 — 183Qa,a+2<5a+l,a+3) 

'8{Qa,a+3Qa+2,a+4 + Qa,a+2Qa+l,a+4 ~ Qa,a+4Qa+2,a+3 ~ Qa,a+4Qa+l,a+2 



2 

+3 



■~ Qa,a+4Qa+l,a+3 + Qa,a+3Qa+l,a+4] 



;i.7) 



Generalizing the above expressions for r = 2, 3, 4 it is then natural to expect that generic 
r-loop term in (jl.2|) will contain a term linear in Qa,b, a term quadratic in Qa,b, and so 
on: 

V2r = V^^ + V^S + - , -Dt^ ~ E ' (1-8) 

r 
c=l 

At order r there can be at most r spin-spin interactions in 

V'^S 0123- in I^S^ stands 
for products of independent projectors, i.e. with all indices corresponding to different sites 
as in p.6|) and ()1.7|) . The above explicit expressions ()1.3|) . fjl.5|) . p.6|) . p.7p for 1)2, -Ds 
imply that for r < 4 the coefficients 

ai,i = l; a2,c = (-4,l); as,^ = (30, -12, 2) ; a4,c = (-280, 140, -40, 5) . (1.10) 

Then 

oo \r L r 

D = Do + DW + + ... , DW = 2 Y: E E ^r,cQa,a+c • (l-ll) 

r=l l^^J a=l c=l 

Using the periodicity of the chain {Qa,b+L = Qa,b, etc.) D^^^ can be rewritten as 

^^'^ =EE^c(^,A) Qa,a+c . (1.12) 
a=l c=l 

Our aim below will be to determine the general expression for the coefficients ar,c and thus 
the functions hc{L, A), i.e. to find the spin-spin (linear in Q) part of the exact dilatation 
operator D. 

To find the coefficients ar,c in ()1-9|) . we will demand that the BMN- type scaling limit 

L — »• cxo , A = = fixed (1-13) 

of the coherent-state expectation value of V^^^ ^IHl EI] is well defined. This turns out 
to be (nearly) equivalent to the consistency with the BMN expression lU El EI for the 
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anomalous dimensions of the 2-impurity operators. Imposing the condition of agreement 
with the BMN square root formula fixes one remaining free coefficient at each order in r. 



Our approach is thus similar to the previous important investigations of the constraints 
on the dilatation operator imposed by the BMN limit jHl EHl l2S 1211 • The new elements 
of the present discussion are that (i) we follow ^\ |^ and classify the structures in D in 
terms of independent interactions between sites as in (jl.8p . (jl.lip . i.e. D = Dq + J2Q + 
YjQQ + •••) and (ii) we resum the loop expansion to find the coefficients in D'^^'> = J2Q 
as explicit functions of A and study their strong-coupling limit. 



The resulting L>(^) (fTT^ may be interpreted as a Hamiltonian of a periodic spin chain 
with long-range interactions. One could conjecture that, like in some known examples 
fI7\ 1^ . this spin chain may be integrable; and, furthermore, the higher-order terms 

may be effectively determined by D^^\ e.g., expressed in terms of 
higher conserved charges of the chain. This would then determine the full D. Remarkably, 
this is indeed true up to order [in]: the sum of one, two, and three-loop dilatation 
operators can be viewed as a part of the Inozemtsev integrable spin chain [2H1, with the 
QQ-terms in Dq in (jl.fjj) being proportional to a leading term in the A-expansion of a 
higher conserved charge of the Inozemtsev chain. At order A^ the Hamiltonian of the 
Inozemtsev chain does not, however, agree with the BMN perturbative scaling JHI- Here, 
instead of starting with the Inozemtsev chain, we reverse the logic and determine which 
spin chain Hamiltonian is actually consistent with the BMN limit, leaving the issue of 
integrability open.^ 



For comparison, let us recall that the Inozemtsev Hamiltonian that interpolates be- 
tween the Heisenberg and Haldane-Shastry spin chain Hamiltonians is given by [2HI 

H = j2JlPciL,q)Qa,a+c, (1.14) 

a=l c=l 

where Pc{L, q) is a double-periodic Weierstrass function with periods L and q 



Pc 



+ E 



(m,n)7^(0,0) 



1 



1 



mL — inqY {rriL + inqy 



;i.i5) 



Note that p, 
cases are lim, 



Pl-c, so the sum in ()1.14|1 may be restricted to c < [L/2]. The limiting 



1 

2 TTC 



1- 



(the Haldane-Shastry chain limit), and lim^^ooPc 



•^Footnote 5 in points out, following [2H|, that the only integrable spin chain with spin-spin 
interactions is the Inozemtsev chain. This implies that higher-order terms may not be directly 

determined by I?^^), and only the whole D may represent a Hamiltonian of an integrable spin chain. 
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"IT\2( 1 I 1' 



J Vginh^is +3) (Q' ^ corresponds to the infinite Heisenberg chain). As was suggested 
in to relate H in ()1.14|) to the 3- loop SYM dilatation operator one is to relate q to 
Aby (^ = E^=i (4sinh2ni)-i. 

The rest of this paper is organized as follows. In section 2 we determine the coefficients 
in by first imposing the regularity of the scaling limit p.lHj) of the coherent-state 
expectation value of D^^^ following ^SJI^ (section 2.1) and then checking consistency with 
the 2-impurity BMN spectrum (section 2.2). In principle, we could fix all the coefficients 
just by imposing the second (BMN) condition but we believe the approach of section 2.1 is 
more straightforward and has its own conceptual merit, having close connection to string 
theory [IH1I2I1- 

In section 3 we discuss how to sum up the 't Hooft coupling expansion of the coefficients 
in D^^\ We first show that in the large L limit the coefficients of Qa,a+c can be expressed 
in terms of hypergeometric functions which smoothly interpolate between perturbative 
power series at small A and a/A growth at large A. We then comment on the finite L case, 
in particular on the resulting contribution of D^^^ to the exact anomalous dimension of 
the Konishi operator. 

Section 4 contains some conclusions and a discussion of open problems. Some useful 
relations and definitions are summarized in Appendix. 



2 Determining the coefficients in D^'^^ 



Our first task will be to obtain the general expression for the coefficients ar,c in the linear in 
Qa,a+c part of the dilatation operator in ()1.2|1 . ()1.9|1 . To do this we shall follow [TBI EI] and 
consider the spin coherent state path integral representation for the quantum mechanics of 
D (jl.lj) as a generalized spin chain Hamiltonian. The corresponding action for a collection 
of unit 3- vectors na(t) at each of L sites of the chain ((n|cT* |n) = n^, (n^)^ = 1, i = 1, 2, 3) 
will then be given by 



r ^ 

S= dt J2^Mna)-{D) 

L a=l 



(D) = {n\D\n) , (2.1) 
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where Cwzi^a) = Ci{na)n\ ensures the proper SU (2) commutation relations if one consid- 
ers fia back as spin operators (see, e.g., [^j). Motivated by the exphcit results fll.3p - p.7|) 
where the leading (at small A) coefficient of Qa,a+c is always positive, it is natural to 
assume that the spin chain in question is ferromagnetic. ^ Then in the long spin chain 
limit L — i> oo one may expect fSl 1^ that the low energy excitations of the spin chain 
will be captured by the semiclassical dynamics of ()2.H) . The correspondence with string 
theory then suggests [IHl 121] that S should have a regular scaling limit ()1.13p . or, more 
explicitly, that the low energy effective action for the system governed by (j2.H) should 
have a well defined continuum limit. To take the continuum limit one may introduce a 
field n(cr, t), < a < 27r, with naif) = n{^^,t), so that (PTT|) becomes 

Ci{n)hi - n{dn, d'^n, A)] . (2.2) 

Ti. which originated from (D) should be a regular function of the effective coupling A and 
cr-derivatives of n(t,a) in the limit L — > oo, A fixed (with subleading terms omitted). 
Quantum corrections are then suppressed because of the large prefactor L in front of the 
action. 

Writing D in terms of factorized permutation operators as in p.5|) - p.7|) one observes 
that since the Qa,b in f)l-4p satisfy 

{n\Qa,b\n) = ^(1 - fia ■ fib) = ^{fia " fibf , (2.3) 

{n\V^^^\n) in p.8j) contains terms quadratic in fi (but all orders in derivatives); {n\T)^'^^ \n) , 
terms quartic in n, etc. The approximation that distinguishes V^^^ from all higher T)^''^ in 
()1.8|) is the one in which one keeps only small fluctuations of fi{t, a) near its ( "all-spins-up" ) 
ground-state value fio = (0, 0, 1). Then n = fio + Sn, where \6n\ <^ 1, so that higher powers 
of the fluctuating field 6n are suppressed, regardless the number of spatial derivatives 
acting on them. Such configurations correspond to semiclassical spinning string states 
with Ji ^ J2, and are close to a single-spin BPS state. They should indeed represent 
semiclassical or coherent-state analogs of few-impurity BMN states, having the same BMN 
energy-spin relation which is indeed reproduced in the limit Ji ^ J2 jSl 1121 HH UHj by the 
classical two-spin string solutions. 

Let us therefore consider this BMN-type approximation, concentrating on the part 
of {n\D\n) which is quadratic in n, i.e. on {n\D^^^\n), and demand that the continuum 
"'Then the state with all spins "up" (represented by the operator tr Z^) is a true vacuum. 



^ f , f^-^ da 
L dt — 
J Jo 2tt 
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version of {n\D^^^\n) have a regular scaling limit p.l3|) . As was shown in JHll^; this 
condition is indeed satisfied at r = 1,2,3 loop orders, i.e. for ()1.3|) . ()1.5|) and ()1.6|) (in 
general, this should be a consequence of the supersymmetry of the underlying SYM theory 
which restricts the structure of D). One finds that the coefficients in the order Q-terms 
in ()1.5|) - ()1.7|) are such that all lower than r-derivative terms in the continuum limit of 
{n\'D!^^'>\n) cancel out. If they did not, the limit L ^ oo would be singular, as there would 
be a disbalance between the powers of A and the powers of L. Explicitly, one gets for 
r = 1, 2, 3, 4 using (|l.iup (after integrating by parts) 



{An] 



2r 



2{An 



i2r 



c=l 



'd' 



2r+2 ' 



L2 



(2.4) 



where 



di 



d, = — 



1 

64 



dd 



32 64 512 

The sum over a in (jl.2j) becomes an integral over a as in (j2.2j) . and we find Y,a=i ^2r(o"a 



(2.5) 



2.1 Regularity of the continuum limit 



Let us now demand that the same pattern of cancellations ()2.4|) should persist to all orders 
in A-expansion. 

Taking the continuum limit in ()2.4p one may use the Taylor expansion to show that, 
up to a total derivative. 

Then 

jt^Mr) - y^^^id-n)\ (2.7) 

^rm- (4^)2r.(2m)! '"''^ ' ^ ' 

To make sure that the limit (|1.13p of i^*^^^ is well defined, {T>2r) should scale as so 
that X'{T)2r) ~ = i^^) ^^P to subleading 0{j^) terms. This implies that rf^i, (ir,r-i 
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must vanish, i.e. that the coefficients ar,c niust satisfy 

r 

c^"'ar,c = , for < m < r . 



(2.9) 



c=l 



This gives (r — 1) equations for r unknowns. The coefficients a^^c with c = 2, r — 1 are 
then uniquely determined in terms of a single multiplicative constant a,.,,, from 

/I 22 



(r-l)2 \ 
(r - 1)4 



a,.2 



\ &r,r-l / 



\1 22('-i) ... (r-l)2(--i); 
The matrix in (j2.1(jp is invertible for any r, and one finds^ 

(-l)^-^(2r)! 



\^2(r-l) y 



(2.10) 



(r — c)!(r + c)! 



c = 1, r — 1 . 



(2.11) 



This generalizes (I1.10|) to all values of r. Given ()2.1H1 . the ffist non- vanishing coefficient 
Vr in (j2.8|) becomes 



\r— 1 r 



\r-l 



E 



2r 
C B^r.c 



2^"(2r)! 22'-+i ' 

and the r-loop contribution to the expectation value of D^^^ takes the form (cf. ()2.4|1 



(2.12) 



{An 



dry ^{d'nf + 0{j) 
Jo Ztt L 



[2.13) 



What remains is to find the values of a^^r generalizing (jl.lOj) . This can be done by 
analyzing the spectrum of BMN operators. 



2.2 Constraints from the BMN limit 



Let us consider the two-impurity BMN operators of the form 



O 



BMN 
n 



VJ + T 



J 

E 

p=0 



COS 



7cn{2p + 1) 
J+1 



tr {XZPXZ 



j-p\ 



[2.U) 



^The same relation appeared in related context of BMN limit in the first reference in There 
the authors computed contributions to the scaling dimensions of the BMN operators by analyzing the 
relevant Feynman diagrams. Here instead we determine the part of the full dilatation operator which, in 
particular, computes the dimensions of BMN operators, but which can also be applied systematically to 
general operators made out of scalars X and Z. 
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These operators are multiplicatively renormalized for any J, and so are eigenstates of D 
(see and refs. there). Here the total number of fields, i.e. the length of the spin 
chain, is L = J + 2, with Ji = J fields Z and J2 = 2 fields X. Anomalous dimensions of 
the BMN operators can be computed in both string theory and gauge theory [7] in the 
large J, fixed limit, and one finds 



Abmn = J + 2^1 + + . (2.15) 

Note that since L = J + 2, this BMN limit is essentially the same as the scaling limit 
fll.l3|) discussed above, with A being the same, up to subleading j terms, as (which 
is usually denoted as A'). To reproduce ()2.15p (i.e. the coefficients in the expansion of 
the square root in powers of A) by acting with the dilatation operator on Oj^^'^, we 
should require that 

D2rO^ -4 r(r)r(r+l) [-TJ °" +^^J^i>- ^2.16) 

To evaluate D2rO^^^ explicitly let us note since we are interested in the large J limit, 
we can ignore what happens near the ends of the spin chain. Then for generic values of 
p in the sum ()2.14j) we find that the permutation operators Pa^t, = 1 — Qa,b act as follows 
(c can be positive or negative) 

Pi,i+cOp = Pp+2,p+2-cOp = Op_e , Op = tT {XZPXZ'~n , (2.17) 

while for all other labels a, b we get Pa,bOp = Op. Then 

J+2 

E Qa,a+c Op = 2{0p - Op-,) + 2{0p - Op+,) , (2.18) 
a=l 

where there are four nonzero combinations, from Qi,i±|c| and from Qp+2,p+2±\c\- Other 
terms 1^2"'' D^r (11 -81) containing two and more products of Q's (which appear starting 
with 3-loop term (jl.6p ). i.e. Qa,b---Qc,d with all labels a,b...c,d distinct, annihilate Op 
unless we are near the ends of the chain, i.e. they do not contribute to ()2.1fi|l in the 
large J limit. Ignoring these higher order terms is equivalent to the usual dilute gas 
approximation which applies when the number of impurities is small and the spin chain is 
very long. Thus it is the D^^^ part of the full dilatation operator ()1.11|) that is responsible 
for the anomalous dimensions of the operators Oj^^^ in the BMN limit, 

{D - Do)Or'' = 1^(^)0^'' + - , (2.19) 
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where dots stand for subleading ^ terms. Using ()2.18|) we find that to the leading order 



1^ J 



J 

1 



c=i y J + I 50=0 



, cos 

c=l V <^ -r J- p=o 



7m(2p + 1) 
J+1 



(20p - Op_e - 



p+c) 



i:c-a„0-. (2.20) 



c=l 



To arrive at this expression we expanded the cosines at large J. The sum I]c=i c'^"^^r,c in 
(^7^1 is precisely the same as in (ETfl .d^. Using the resuhs (im and (|TT^ for ar,c, 

/97r»i\2r 1 



:r+l ■ 



SO to match the BMN expression p.l6j) we must have 

r(2r - 1) 22'-3r(r - ^ 



-irvp^r or'^+oi-^), (2.21) 



(2.22) 



2^ 



'''^ r(r) r(r + i) 0Fr(r + i) ■ 

For r = 1, 2, 3, 4 this gives ar,r = 1, 1, 2, 5 as in (note that the limit of r ^ 1 of the 

the second expression in ()2.22|) is well defined). Combining ()2.11|) with ()2.22|) we finally 
conclude that 

(-!)'■- r(2r + l)r(2r-l) ^^^^^ 



' r(r -c+ 1) r(r + C+ 1) r(r) r(r + 1) 
Note that, as required (cf. ()1.9j) ). a^^c = for r < c (for integer r and c). 



3 Summing up: structure of D^^^^ to all orders in A 



Let us now try to draw some conclusions about the exact structure of the "spin-spin" 
part of the dilatation operator D^^^ in to all orders in A. First, let us observe that 

the value of ar^r found in ()2.22j) implies that summing ()2.13|) over r with dr in ()2.12j) gives 
a very simple formula for the quadratic in n ( "small fluctuation" or "BMN" ) part of the 
coherent state effective Hamiltonian in (12.21): 



■ (3.1) 



Remarkably, this is the same expression that follows from the classical AdS^ x 5*^ string 
sigma model action expanded in the limit ()1.13j) (eq. (2.90) in jHI])- There is a closely 
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related square root formula (see eq. (3.25) in [21]) that expresses D^^^ as a function of D2 
in the dilute gas approximation: 

The superscript "(1)" in the right hand side means that one should drop all terms with 
higher than first power of independent Qa,bS (written in the factorized form) in the 
products of D2. This relation should be understood in the sense of equality of the fp 
terms in the coherent-state expectation values of the two sides. ^ 



Next, let us substitute the values ()2.23|1 for the coefficients a.r,c we have found above 
into D^^^ in p.llj) and try to formally perform the summation over r first, independently 
for each Qa,a+c term. We get 

L 00 00 \r 

^(1) = 2Y.j:fcWQa,a+c, /e(A) = E a,,, . (3.3) 

a=l c=l r=c l^^j 

Remarkably, the series representation for the coefficients /c(A) can then be summed up 
in terms of the standard hypergeometric functions (see Appendix): 

A'^ (-1)^^-^ r(2r - l)r(2r + 1) 



m = E 



r=c 



(47r)2^ r(r + l)r(r)r(r - c + l)r(r + c + 1) 

The coefficient in front of 2F1 is equal to j^^^cc (cf. fl2.22|) ). The fc go to rapidly at 
large c, so we effectively have a spin chain with a short range interactions. 

In general, the hypergeometric functions 2-^1(01, 02; &i; -z) have a cut in the z plane 
running from 1 to 00. Note also that y{z) = 2-^1 (c— |, c+ 2c+ 1; z) solves the following 
differential equation z{l — z)y" + (2c + 1)(1 — z)y' — (c^ — \)y = 0. 

The resulting coefficients /c(A) are smooth positive functions of A having regular ex- 
pansion at both small A (see fl3.4|) ) and large A 



fcWx^^ ^2 



4c2 - 1 4A V 2 / 



,2' 



(3.5) 



^If we wanted to apply D^^^^ to a single trace operator, the compact expression in the right hand side 
of (|!-{.2|l would be of limited advantage. Multiplying D2^s and taking the single Qa.t part do not commute, 
and we would have to explicitly compute all powers of D2 and then apply the "(l)-operation" to them 
(like it was done in Appendix C of |21| where connected expectation values of products of some operators 
were computed). 
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where the harmonic numbers Hp are defined in Appendix. The square root /c —>■ ^/X 
asymptotics of ()3.5|) is related to the cut structure of 2-^1- The In A subleading terms are 
hkely to be an artifact of our resummation procedure (they will be absent in the explicit 
L = 4 example discussed below). 



One may be tempted to interpret the behavior of the coefficients fc as an indication 
of how anomalous dimensions of particular operators should scale with A (one should 
remember of course that D^^^ is only a part of the full dilatation operator in 
Their \/X asymptotics may then seem to be in contradiction with the usual expectation 
that dimensions of generic operators corresponding to string modes should have slower 
growth with A - they should scale as square root of the effective string tension, i.e. as 



A possible resolution of this paradox is that the above resummation procedure leading 
to ()3.3|) . (13.41) is useful only in the infinite chain L ^ 00 limit, i.e. it corresponds to the 
case when D acts on "long" operators. The latter should be dual to semiclassical string 
modes for which dimensions are expected to grow as string tension ~ \/X 5j. Indeed, we 
have treated all Qa,a+c terms as independent but for finite L the terms with c and c + mL 
are the same because of the periodicity of the chain (implied by cyclicity of the trace in 
the operators). Also, under the sum over a one has Qa,a+c = Qa,a+L-c, i-e. 

L 

He = Hc+mL = n^L-c ; He = ^ Qa,a+c ; (3-6) 

a=l 

where m is any positive integer number. Therefore, for finite L the sum over c should, in 
fact, be restricted to run from c=l to c = L — 1, 

L oo L L—1 

jjii) ^ 2j2Y.fcWQa,a+c = T.12hc{L,X)Q,^,+,, (3.7) 

a=l c=l a=l c=l 

or, equivalent ly, 

[L/2] 

= 2 5] K{L,X) n, . (3.8) 

c=l 

The new coefficients he depend on both the 't Hooft coupling A and the length of the 
chain L, 

oo 

h,{L,\) = J2 lfc+mL{\) + h-c+mLiX)] , C = 1 , . . . , L - 1 ; C ^ L/2 

m=0 

oo 

/iL/2(L, A) = XI /V2+™x(A) , if Lis even. (3.9) 

m=0 
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They satisfy the periodicity condition hc{L,X) = hi^dL, X), reflecting the fact that for 
pairwise interactions it matters only which sites participate in the interaction. Explicitly, 
the coefficients appearing in can be written using ()H.4j) as 



hc{L,X) 



E 

m=0 



4^ 



c+mL 



T{c + mL-l) 
A^/tt T{c + mL + i; 



X 2Fi{c + mL-\,c + mL + ^;2c + 2mL + 1; -- 



+ (c ^ L - c) 



(3.10) 



When L ^ oo and < c ^ L, the only contribution to the sum ()3.1()|1 comes from 
m = in the first term, and (jH.lOj) reduces to ()3.4j) . For finite L, we may expand the 
hypergeometric functions in ()3.10|) at large A as in ()3.5|) and then do the sum over m. 
Ignoring the issue of convergence of the resulting strong-coupling expansion, that leads 
to the following simple result for the leading-order term 



hc{L,X),_ 



27iL 



sm J 
cos f - cos ^ 



+ o{x-'] 



(3.11) 



In the c ^ L limit ()3.11|) reduces back to the large A asymptotics ()3.5|) of the m = term 
of the sum in ()3.10|) . 



It is possible that for finite L the contributions of higher order interaction terms 
in D fjl.ll|) may transform this asymptotics into the expected behavior. At the same 
time, one may wonder if our basic assumption about the structure of P2r'' P-^P actually 
applies for finite values of L and all values of r. After all, to fix the coefficients a^^c we 
used the condition of regularity of the scaling limit which assumes that L oo7 



Ignoring this cautionary note let us go ahead and apply the above relations to the 
first non-trivial small L case - L = 4 (the operators with lengths L = 2,3 are BPS: the 
antisymmetric combinations vanish because of trace cyclicity). The non-BPS operator 
with L = 4 is the level four descendant K of the Konishi scalar operator 

K = tr [X, Zf = 2 tr {XZXZ - XXZZ) . (3.12) 

The action of D^^^ (j3.7p on K is determined by noting that (see (j3.6|) ) 

UiK = UsK = QK, U2K = 0, D^^^ K = -f^^^ K . (3.13) 

^Possible subtleties in applying the general expression for the dilatation operator to operators with 
small length L were mentioned in (footnote 18), |23 (footnote 4) and j2Sl (section 4.3). 
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Using that the periodicity imphes that Hi = lis = lis = = ... one finds then directly 
from (fTTTl) 



oo k 



k=lp=l 



\2fe „ , ^ \2k-l 



a2fc,2p-l + L „ g j a2fc-l,2p-l 



Using (|2.23|) the sums over p can be found exphcitly 




(3.14) 



^ _ 2"^-^r(4A; - 1) _ 2"^-"r(4A; - 3) 

l.a2fc,2p-i - -Y^2k)T{2k + l) ' ^^^''^'^-^''^-^ " T{2k)T{2k-l) ' ^^'^^^ 



and finally we obtain the following surprisingly simple result (cf. ()A.2|) ) 

-l) . (3.16) 



Then for small A we reproduce the previously known results |^ 
while in the large A limit one finds 

where the leading term agrees with (j3.11|) . Note also that in the A^ and A^ terms in (j3.17|) 
we included only the contributions of D^^^ and D'^\ i.e. the linear in Q terms in ()1.6p 
and p.7|) . The contributions of the QQ terms in ()1.6|) and ()1.7|) change the 3-loop and 
4- loop coefficients in ()3.17p from 6 to ^ and from —15 to — ^ [211 (but see footnote 
7). Again, one may hope that a systematic account of contributions of all higher T)^"-^ 
terms in ()1.8|) will change the strong-coupling asymptotics of the dimension of the Konishi 
operator from -\/A to v^- 



4 Concluding remarks 



Inspired by recent work in j2Sl I21j and especially [12], in this paper we suggested to 
organize the dilatation operator as an expansion (jl.llj) . (11.81) in powers of independent 
projection operators Qa,b [HI HI] at L sites of spin chain 

oo L L—1 

D = Do + J2 ^^"^ with Do = L, D^'^ = E E ^ciL, A) Qa,a+c , ... (4.1) 

n=l a=l c=l 
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where D^^^ are given by sums of products of n Q's at independent sites of the spin chain. 
We determined the coefficients in D^^^ by demanding that its BMN-type scahng hmit 
[IHIEI] be regular, and found that it admits a very simple representation (jH.Hj) . applicable 
at least in the large L limit. This representation includes all orders in A and suggests that 
the corresponding anomalous dimensions should grow as a/A for large A. 

A natural extension of this work would be to try to find the next term in the expansion 
()4.1|) . namely 

L L-l 

D ~ 5^ ^ci;C2,C3 (-^) ^) Qa,a+ciQa+C2,a+C2+C3 ■ (4-2) 

a=l ci,C2,C3=l 

The prime on the sum here means that certain terms should be omitted: since Qa,bQb,c + 
Qb,cQa,b = Qa,b + Qb,c — Qa,c the terms with C2 = ci and C2 = C3 — ci have already 
been included in D^^\ The contributions of higher D'^^^ terms should be crucial at finite 
L, resolving, in particular, the above-mentioned contradiction between the -\/A asymp- 
totics of the coefficients in D^^^ and the expected scaling of dimensions of operators 
corresponding to string modes. 

The AdS / CFT duality suggests that D should correspond to an integrable spin chain. 
The simplest possibility could be that, by analogy with the Inozemtsev chain p^, the 
operator D'^^^ (with interaction coefficients given by ()3.10|) ) represents a Hamiltonian of 
an integrable spin 1/2 chain, while all higher order terms D^"^^ are effectively determined 
by D^^^ through integrability. This, however, is unlikely in view of the low loop order 
results of |2Sl 123 12^] and the very recent paper 32 suggesting that the full dilatation 
operator satisfying the requirements of integrability, BMN scaling and consistency with 
gauge theory should be essentially unique. 
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Appendix A Some useful relations and definitions 



Here we summarize some useful formulae used in the paper. The usual binomial expansion 
is given by 

(for integer n the series terminates at k = n). For n = ^ ()A.1|) can be written as 

(1 + ^)"'^ = ^ + r(V(l + i) U) ■ 

To transform the arguments of F-functions one uses 

Ti2z) = ^T{z)Tiz + 1) , F(^)F(1 - = . (A.3) 

TT smvr^; 



The hypergeometric functions are given, within the radius of convergence, by the series 
pFg{ai,...,ap-bi,...,bg;z) = }_^— jjf^jr , (a)fc = — — — . (A.4) 

They reduce to simpler functions in particular cases; for example 2Fi{—n,a;a,—z) = 
(l+z)" as one can see by comparing ()A.1|) and ()A.4|) . lip = q+l, pFq{ai, a^; bi, bg] z) 
have a branch cut in the 2;-plane running from 2; = 1 to oo. pFq satisfy second order 
differential equations, and by a change of variables one can relate the values of pFq at z 
and at although for different arguments and bj. One can show that for large z 



2Fi(6-l,6; 26; z) 



{-zY-'V{2b) 
F(6)F(6 + 1) 



1 + (1 + In(-z) - 2if,_ . ) + 0{z 



-2\ 



(A.5) 

where the Harmonic numbers are given by 

00 

Hp ^ , = c(s, 1) - as.p+ 1) , as.p) = ' (A-6) 

A;=0 



and for integer p> 1 one has H^^"^ = Y.k=i ^ finds that Hfj_i = 'Je + i^ib), where 

r(fe) 
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= and 'Je = — ~ 0.577216 is the Euler's constant. 
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